Based on the relationship between the Fourier transform (FT) and linear canonical transform (LCT), a logarithmic uncertainty principle and Hausdorff-Young inequality in the LCT domains are derived. In order to construct the windowed linear canonical transform (WLCT), Gabor filters associated with the LCT is introduced. Using the basic connection between the classical windowed Fourier transform (WFT) and the WLCT, a new proof of inversion formula for the WLCT is provided. This relation allows us to derive Lieb's uncertainty principle associated with the WLCT. Some useful properties of the WLCT such as bounded, shift, modulation, switching, orthogonality relation, and characterization of range are also investigated in detail. By the Heisenberg uncertainty principle for the LCT and the orthogonality relation property for the WLCT, the Heisenberg uncertainty principle for the WLCT is established. This uncertainty principle gives information how a complex function and its WLCT relate. Lastly, the logarithmic uncertainty principle associated with the WLCT is obtained.
Introduction
It is well-known that the classical windowed Fourier transform (WFT) provides simultaneously information in time and frequency domains. It is also called the short-time Fourier transform (FT) or Gabor transform when used with a Gaussian windowed. The WFT has been widely studied in communication theory, quantum mechanics, and many other fields. 1, 11, 13 Some attempts at constructing the windowed fractional Fourier transform (WFRFT) which is a generalization of the WFT in the fractional Fourier domain have been undertaken in Refs. 23, 16 and 26. In Ref. 17 , the authors have proposed the WFT to the windowed linear canonical transform (WLCT). This generalized transform is constructed by replacing the FT kernel with the LCT kernel in the WFT definition. Some important properties of the WLCT are discussed. Those include covariance property, orthogonality property and reconstruction formula. Generalized Poisson summation formula, series expansions and sampling formulas were also studied in detail.
On the other hand, in the classical analysis, the uncertainty principle for the FT relates a function and its FT which cannot both be simultaneously sharply localized. One example of this fact is the Heisenberg uncertainty principle concerning position and momentum wave functions in quantum physics. In signal processing an uncertainty principle states that the product of the variances of the signal in the time and frequency domains has a lower bound. Until now, many generalizations of the uncertainty principles to various types of functions and integral transformations have already been proposed in the literature. The authors in Refs. 15, 16, 27 and 24 discussed the uncertainty principles associated with the LCT. In Ref. 18 , the authors have established uncertainty principles for the WLCT. Theirs uncertainties are generalizations of Lieb's uncertainty principles 13 in the WLCT domains. The various versions of uncertainty principles for the Wigner-Ville distribution were introduced in Ref. 19 . Recently, paper 8 studied the logarithmic uncertainty principles for the Wigner-Ville distribution. The principles were established using the relationship between the FT and Wigner-Ville distribution.
In this paper, we derive the inversion formula for the WLCT using the basic connection between the WFT and the WLCT. Based on this relation we obtain Lieb's uncertainty principle associated with the WLCT. We also investigate in detail some important properties of the WLCT such as bounded, shift, modulation, switching, orthogonality relation, and characterization of range. Further, we shall derive three uncertainty principles related to the LCT domains. First of all, we shall derive the logarithmic uncertainty principle and sharp Hausdorff-Young inequality in the LCT domains based on the relationship between the LCT and the FT. Second, we shall establish the Heisenberg uncertainty principle associated with the WLCT. This uncertainty principle describes that the spread of a complexvalued function and its WLCT are inversely proportional. Third, we shall apply the logarithmic uncertainty principle for the LCT to obtain logarithmic uncertainty principle associated with the WLCT.
The paper is organized as follows: Section 2 presents the LCT and investigate the relationship between the FT and the LCT. Using some properties of the LCT we establish logarithmic uncertainty principle associated with the LCT. The construction of the WLCT using Gabor filters are presented in Sec. 3. Some properties of the WLCT is also investigated in this section. Section 4 provides the uncertainty principles associated with the WLCT. 
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Definition 2.2. Denote by C ∞ (R), the set of smooth functions on R. For every choice of α and β of non-negative integers, the Schwartz space is defined by
The element of the dual space S of S is called tempered distribution.
Definition of LCT
The concept of the linear canonical transform (LCT) is firstly proposed by Moshinsky and Collins 9,20 by generalizing the classical FT. Here, we briefly introduce the LCT definition.
Definition 2.3 (LCT). Let
where K A (x, ω) is so-called kernel of the LCT given by
The LCT kernel mentioned above has the following important property:
Since the LCT of a signal is essentially a chirp multiplication when b = 0, we always assume b = 0 in this paper. As a special case, when A = (a, b, c, d) = (0, 1, −1, 0), the LCT definition (3) reduces to the FT definition. The inverse transform of the LCT is given by
The LCT of f ∈ L 2 (R) can be computed via associated FT, namely,
where
Note that Eq. (5) takes the form
where h(x) is given by
An important property of the LCT is Parseval's formula:
In particular, when f = g, we obtain Plancherel's formula for the LCT:
Some of the other properties of the LCT corresponding to the FT properties are summarized in the following theorem. As the proof of Theorem 2.1 is quite similar to that of Theorems 9 and 10 in Ref. 2 , we omit it here.
Then the LCT satisfies:
is uniformly continuous on R.
Logarithmic uncertainty principle for LCT
The authors in Refs. 5, 12 and 22 have proposed the logarithmic uncertainty principle associated with the FT as follows.
Theorem 2.2 (FT logarithmic uncertainty principle). If f ∈ S(R), then
where D = ψ(
and Γ(x) is the Gamma function. A generalization of (11) is logarithmic uncertainty principle associated with the LCT, which is given by the following inequality.
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Some properties of WLCT and its logarithmic uncertainty principle
Theorem 2.3 (LCT logarithmic uncertainty principle). Let f ∈ S(R). Then we have
Proof. As f , L A {f } ∈ S(R), all the integrals in (12) are finite. Then, h, defined by (8) , belongs to S(R). By replacing f with h in both sides of Eq. (11), we have
Now setting ω = ω b , we further obtain
Subsequently,
By Eq. (7), we have
The above equation can be simplified to
By applying Prancherel's formula (10) to the third term of (17), we have
which completes the proof.
The sharp Hausdorff-Young inequality is a basic tool in Fourier analysis. Many inequalities are derived from it. 12 In the following, we derive the sharp HausdorffYoung inequality associated with the LCT (compare to Ref. 16 ).
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Theorem 2.4 (Hausdorff-Young LCT). Let 1 ≤ p ≤ 2 and q be such that
Proof. From the sharp Hausdorff-Young inequality for the FT, we have
Following the steps of the proof of the preceding theorem, we have
Windowed Linear Canonical Transform
Before constructing the WLCT using Gabor filters associated with the LCT, we will introduce the definition of the classical WFT. It is an important tool in the time-frequency analysis, which has been extensively applied in speech, acoustics, and many other signal processing domains (see Refs. 1, 3, 10, 14 and 26). A generalization of the WFT to quaternion algebra and the fractional FT were introduced in Refs. 3 and 21, respectively.
Gabor filters associated with LCT
Definition 3.1 (WFT).
For a window function φ ∈ L 2 (R)\{0}, its window daughter function or its windowed Fourier kernel φ ω,u is defined by
The WFT of f ∈ L 2 (R) with respect to the window function φ ∈ L 2 (R)\{0} is defined by
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Some properties of WLCT and its logarithmic uncertainty principle
By the uncertainty principle, the optimal window for time-frequency localization is achieved by any Gaussian function:
where σ is the standard deviation of the Gaussian function and determines the width of the window. In particular, for fixed ω 0 ,
is called a Gabor filter. The extension of the Gabor filter to the LCT domain is given by the following definition.
Definition 3.2.
For a window function φ ∈ L 2 (R)\{0}, its window daughter function associated with LCT is defined by
For a fixed ω = ω 0 , the Gabor filter associated with the LCT is defined by
Definition of WLCT
In this subsection, using Gabor filters associated with LCT, we present the WLCT (compare to Refs. 4 and 17). We also discuss the connection between the WLCT and LCT.
Definition 3.3 (WLCT).
Let φ ∈ L 2 (R)\{0} be a window function. Denote by
We will discuss the followings:
reduces to (23).
• Equation (29) shows that it is also generated using the inverse LCT kernel.
• If we take the Gaussian function as the window function in (29), then we get the Gabor linear canonical transform (GLCT).
• For a fixed u, we have
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where the translation operator is defined by
Equation (30) implies that the WLCT can be regarded as the LCT of the product of a function f and a conjugated and translated window function.
• The linear canonical window daughter function
is also called the linear canonical windowed Fourier kernel.
• Applying the inverse LCT to (29), we have
• The energy density of the WLCT is defined by
which measures the energy of a signal in the time-frequency plane in neighborhood of the point (ω, u).
The following result describes an inequality related to the WLCT.
Proof. Applying Minkowski's inequality, we get
Substituting x − u = y in the above equation, we have
which yields (35).
Similar to (35), we obtain the following result by applying Holder's inequality.
Remark 3.1. Let p = q = 2. Then, (37) can be reduced to
which shows that
The following Lemma 3.4 will be used to prove Lieb's inequality for the WLCT. 
Proof. A straightforward computation shows that
Properties of WLCT
The following results describe several useful properties of the WLCT, which have not been established in Ref. 17 . As we will see, all properties of the WFT can be established in the WLCT domain. 
for arbitrary constants λ and µ.
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Proof. This follows directly from the linearity of the product and the integration involved in Definition 3.3.
Theorem 3.6 (Parity). Let φ ∈ L 2 (R)\{0} be a window function. Then we have
which proves the theorem according to Definition 3.3.
Theorem 3.7 (Shift). Let φ ∈ L 2 (R)\{0} be a window function. Then, we have
Proof. By Eq. (29), we have
By making the change of variable t = x − x 0 in the above expression, we obtain
1650015-10
Some properties of WLCT and its logarithmic uncertainty principle
Therefore, we get
Finally we arrive at
, which completes the proof.
Theorem 3.8 (Modulation). For every f ∈ L
2 (R), we have
Proof. Direct computations show that
Applying Definition 3.3 finishes the proof.
Theorem 3.9 (Conjugation). Let f ∈ L 2 (R). If φ is a real window function, then
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Proof. It follows from (29) that
Taking the matrix parameter
. This form resembles the complex conjugation property of the classical WFT.
Theorem 3.10 (Switching f with φ). Let f, φ ∈ L
2 (R)\{0} be window func-
tions. Then we obtain
G A φ f (ω, u) = e i( 1 2 a b u 2 ) e −i( uω b ) G A −1 f φ(ω − ua, −u).(50)
Proof. By invoking the WLCT definition (29), we have
By means of the substitution y = x − u in the above expression we obtain 
which completes the proof. 
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From the above theorem, we obtain the following consequences.
(ii) If f = g and φ = ψ, then
Equation (57) is known as the radar uncertainty principle in the WLCT domain. It is easily seen that the function G A φ f (ω, u) cannot be concentrated arbitrarily close to the origin.
We will provide a new proof for the WLCT inversion formula using the connection between the WFT and WLCT. This theorem tells us that it is possible to restore the original signal f perfectly using the inverse WLCT as follows.
Theorem 3.12 (Inversion formula). Let f ∈ L
2 (R). Then, the inversion formula of the WLCT can be derived from that of the WFT, namely,
Under the same assumptions as in (54), we obtain
Proof. Since h ∈ L 2 (R), then the inverse transform of the WFT (23) implies
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Here, h(x) is defined by (8) . It means that we have
which proves (58).
Theorem 3.13 (Characterization of range of G
A φ ). Let φ ∈ L 2 (R)\{0} be a window function such that |φ L 2 (R) = 1. Suppose that h ∈ L 2 (R). Then, h ∈ G A φ (L 2 (R)) if
and only if it satisfies
Therefore, we have from (29) that
Conversely, let h(ω, u) be any square integrable function satisfying
If 
The above properties of the WLCT are summarized in Table 1 .
Logarithmic Uncertainty Principle for the WLCT
Let us give a short and simple proof of the WLCT Lieb's uncertainty principle by considering the fundamental relationship between the WFT and WLCT. The proposed proof is quite different from the one presented in Ref. 18 . Then, we will establish a generalization of the Heisenberg type uncertainty principle for the WLCT, which describes how a complex function relates to its WLCT. Finally, we will obtain a logarithmic uncertainty principle associated with the WLCT.
Proof. Based on the Lieb inequality for the WFT (see Ref. 13) , we obtain
Replacing f in both sides of (64) with h given in (7), we have
Setting ω = ω b , we have
Applying Lemma 3.4 to the left-hand side of (66), we have
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This completes the proof.
Theorem 4.2 (LCT uncertainty principle [15, 27]
). Let f ∈ L 2 (R) and L A {f } ∈ L 2 (R). Then, we have R x 2 |f (x)| 2 dx R ω 2 |L A {f }(ω)| 2 dω ≥ b 2 4 R |f (x)| 2 dx 2 .(68)
Equality holds if and only if f is the Gaussian function, namely,
where C 0 is a complex constant and a is positive real constant.
Substituting the inverse transform for the LCT (4) into the left-hand side of (68), we obtain
Further, applying Plancherel's theorem for the LCT (10) to the right-hand side of (68), we have
Now we arrive at the following important result.
Theorem 4.3 (WLCT uncertainty principle). For a given window function
we have the following inequality:
In order to prove Theorem 4.3, we need the following lemma.
Lemma 4.4. We have
Proof. Simple calculation shows that
In the second equality, we have applied Fubini's theorem to reverse the integration order. This completes the proof.
Let us begin with the proof of Theorem 4.3.
Proof of Theorem 4.3. Assume that
can replace the LCT of f by the WLCT of f on the both sides of (71). Then, we have
Taking the square root on both sides of (75) and integrating both sides with respect to u, we have
Furthermore, applying the Cauchy-Schwarz inequality to the left-hand side of (76), we have
Inserting Lemma 4.4 into the second term on the left-hand side of (77) and substituting (55) into the right-hand side of this inequality. Then, we have
Dividing both sides of (78) by φ L 2 (R) , we obtain the desired result.
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Some properties of WLCT and its logarithmic uncertainty principle Applying Plancherel's theorem for the LCT (10) to the right-hand side of (12) 
In a similar manner, we can obtain the following result.
Lemma 4.6. We have
We finally obtain the logarithmic uncertainty principle associated with the WLCT, which is described in the following theorem.
Theorem 4.7 (WLCT logarithmic uncertainty principle). For φ ∈ S(R), then for every f ∈ S(R) we have the following inequality:
Proof. Since f , φ ∈ S(R), then L A {f } and G A φ f belong to S(R). Therefore, we can substitute the LCT of f with the WLCT of f on both sides of (79) 
